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Abstract: Mathematical exercises play a crucial role in teaching
Mathematics, as they serve both teaching and developmental functions.
However, finding a solution to such a problem is always difficult. G.
Polya, in his work “How to solve a problem,” provided a suggested
approach to finding a solution to a problem, with four basic steps.
Besides, this is not a strict process where simply following it will
yield results; rather, it is a process of thinking that connects the given
information with what needs to be found. Teaching practices in Vietnam
show that most teachers focus solely on correcting exercises and do not
adequately support students in finding solutions, which would enable
them to learn mathematics confidently. Therefore, it is essential to help
learners understand G. Polya’s hints so they know how to solve the
problem. This paper uses theoretical research, retrospective literature
review, and initial experimentation to present an understanding and
guide learners in Vietnam on how to find solutions to the problem,
based on Polya’s suggestions, illustrated through proof problems in
plane geometry.

Keywords: Polya’s suggestion, functions of mathematical exercises, plane
geometry; method of drawing auxiliary figures, Mathematical proof type.
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1. Dat van dé

Tém tit: Bai tap todn hoc ¢ vai trd quan trong trong day hoc Toén, vi
né vira cd chite nang day hoc vira c6 chitc ndng phét trién. Tuy nhién,
tim 10i giai cia mot bai toan nhu thé nao luén 1a van dé khong dé tra
16i. G.Polya trong tdc phdm Gidi bai todn nhw thé'nao da dwa ra ban goiy
tim 10i giai mot bai toan véi 4 budc co ban. Tuy nhién, day khong phai
la quy trinh nghiém ngét, ct lam theo la c6 két qua, ma d6 la qua trinh
tw duy, dé€ chap ndi gitta cai da cho va cai phai tim. Thuc tién day hoc
O nudce ta cho thdy, da s6 nguoi day chi tap trung chira bai tdp ma chua
chti trong gitip nguodi hoc tim 101 giai, d€ ¢ thé tu tin hoc tap toan. Vi
thé, gitip nguoi hoc hiéu duoc ban goi y ctia G.Polya d€biét cach tim 101
giai bai toan la hét stte can thiét. Bai viét st dung nghién ctu li luén, dé
hoi ctru tu liéu va bude dau thir nghiém, roi trinh bay cach hiéu va giap
nguoi hoc & nude ta biét cach tim 10i giai bai todn, dwa theo ban goi y
ctia Polya, minh hoa qua dang Toan chitng minh trong hinh hoc phéng.

Tir khoéa: Bdn goi if ciia Polya, chitc ning ctia bai tdp todn hoc, hinh hoc phing;
phuwong phép ké hinh phu, dang Todn chitng minh.

chua dugc day cach hoc toan mot cach bai ban, nhat

Voi da s6 ngudi hoc ¢ nudc ta, mon Toan la
khong dé, nhat la khi gdp bai toan dang chtmg minh
trong Hinh hoc phéng, doi hoéi phai suy luan chat
ché dé tim ra 1oi gidi, do d6, thuong ngai hoc. C6
nhiéu nguyén nhan dan dén viéc ngai hoc nay, ma
mot trong nhitng nguyén nhan chinh la nguoi hoc
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1a chua dugc day vé cach tim 10i gidi ctia bai toan.
Trong tac pham Gidi bai todn nhu thé nao, G. Polya da
dua ra ban goi y tim 10i giadi bai toan. Tuy nhién, &
nuoc ta doc hiéu phan huéng dan nay la khong dé
hiéu v6i nhiéu nguoi hoc toan va nguoi day toan. Vi
thé, lam th& nao dé gitp ngudi giai toan c6 thé hiéu



dugc nhitng chi dan d6 van con la cau hoi can duge
lam 16 thém. Bai viét nay gioi thiéu cach hiéu ban
goi y ctia G.Polya dé gitip nguoi hoc biét cach tim 1oi
giai cta bai toan, thong qua dang Toan chtimg minh
trong hinh hoc phéng.

Do ddc thut ngdn ngt, moi ngudi doc ban goi y
tim 10i giai bai todn ctia G.Polya déu c6 thé c6 cach
hiéu riéng va van dung theo y minh. Chang han, dén
nay ¢ nuéc ta, D6 Thi Trinh (2017), budc dau van
dung ban goi y dé huéng dan cach tim 16i gidi bai
toan bang phép bién hinh, trong tam la 1am rd théem
& bude nghién ctu két qua giai toan. Cac tac gia Phi
Thi Thuy Van (2006), Pham Thi Tra My (2013), Lé
Thi Hoa Binh (2014), nghiéng vé xay dung kich ban
day hoc, thong qua hoi dap gitta gido vién va hoc
sinh. Tuy mdi cach ti€p can d6 c6 y nghia nhat dinh
nhung thiét nghi sé tot hon néu nguoi day phan tich,
lam ro, giap nguoi hoc doc hiéu bai todn nhdm chép
ndi dugce lién hé gitta logic cai da cho va cai phai tim,
theo tu tudng cua G.Polya. Mot s6 tac gia co dé cap
cdc budc gidi bai todn nhung khong bam theo tu tudng
cua G.Polya, nhu Cao Thi Ha (2024). O nuéc ngoai,
ban goi y cta G.Polya ciing duoc nghién cttu va van
dung, nhu A.Gray (2018), ap dung trong gidi toan
cao céap cho sinh vién, con Theresa Ugonwa Okafor
(2019), van dung giai bai tap Vat1i 6 Trung hoc co so.

Do dé, gitp nguoi gidi toan hiéu thau ban goi y
ctia G.Polya dé c6 thé suy nghi, chdp néi lién hé gitra
logic gitta cai da cho trong gia thiét va céi phai tim,
tién t6i, tu tim dugc 101 giai bai toan van con la van
dé can thiét va cang phai lam rd hon nita. Trong bai
viét nay, chiing tdi sé néu ra cach hiéu va minh hoa
thong qua dang Toan ching minh trong hinh hoc,
nhu trinh bay ¢ cac muc 3.2, muc 3.3 va muc 4 duéi
day.

2. Phuong phap nghién cttu

Khi nghién cttu va trinh bay bai viét nay tac gia
chu yéu st dung phurong phdp nghién citu If lugn, dé
héi ctru tu liéu vé cach giap nguoi hoc tim 10i giai
bai todn, dua vao ban huéng dan cta G. Polya. Sau
d6, minh hoa tim 1oi giai bai toan theo ban goi y cta
G. Polya qua dang Toan chting minh trong hinh hoc
phang.

Bén canh do, ching t6i st dung phuong phdp tim
hiéu thuc tién, phéng véan sau dé danh gia so khai,
nham so bo tim hiéu xem nguoi hoc da c6 hiéu biét
nhu thé nao vé tim 1oi giai cta bai toan. Hon nita,
chang t6i c6 st dung phuong phip thuc nghiém su
pham tryc tiép day nhdm budc dau kiém nghiém tinh
kha thi ctia cach 1am nay v6i d6i tugng sinh vién Su
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pham Toan & Truong Pai hoc Su pham Ha Noi 2.
Sau d6, chiing t6i c6 st dung phuong phdp tong két
kinh nghi¢m, thong qua danh gia tong két v6i hinh
thtc thi van dap (ap dung véi bai thi cudi hoc phan),
dé kiém nghiém hiéu qua.

3. Két qua nghién ciru

3.1. Vai tro cuia bai tdp Todn hoc

Theo Nguyén Bé Kim (2011), bai tap todn c6 vai
tro quan trong, nhu gia mang cho cac hoat dong hoc
tap. Pé hiéu duoc bai tap todn nguoi hoc can thuc
hién cac hoat dong nhan dang, thé hién dinh nghia,
dinh li, quy tic hay phuong phap; nhiing hoat dong
tri tué ph6 bién, hoat dong tri tué chung, hoat dong
ng6n ngir. Pé tim duoc 10i giadi cda bai tap toan,
ngudi hoc con phéi huy dong vén hiéu biét va van
dung cac hoat dong nhu tu duy logic, khai quat hoa,
phan tich, tong hop. Nho d6, ¢ thé cung c& kién
thtic, ki ndng, ki xdo can thiét, déng thoi phat trién
kha ndng tu duy doc lap, séng tao. Vé phuong dién
noi dung, bai tap toan la cong cu dé cung 6, mo
rong va hé théng hoa kién thuc, gitp nguoi hoc lién
hé, bé sung va khic sau nhting khai niém, dinh 1i da
hoc. Vé phuong dién phuong phap, bai tap toan 1a co
hoi dé t6 chic hoat dong hoc tap cht yéu, cho phép
nguodi hoc chi dong chiém linh kién thuc, thong qua
tu hoc, thdo luan hodc trao d6i hoc thuat. Hon nita,
trong khau kiém tra, danh gia két qua hoc tap, bai
tap toan la phuong tién gitup do luong két qua hoc
tap, muc do hiéu biét cing nhu kha ning van dung
kién thtc vao thuc tién. Nhu vay, bai tap toan khong
chi mang tinh chat rén luyén ma con la cau néi gin
két gitta muc tiéu, ndi dung va phuong phap day
hoc, gitt vi tri trung tam trong toan bd qua trinh gido
duc Toan hoc.

Theo d6, trong qua trinh day hoc, bai tap toan
giup hinh thanh, cung c6 tri thtc, ki ndng, ki xao
cho nguoi hoc (chtc ndang day hoc); hinh thanh cho
nguoi hoc thé gidi quan, hing thu hoc tap, niém tin
vao chan li va gidao duc phéim chat dao duc ctia nguoi
lao dong (chtic ndng gido duc); phét trién nang luc
tu duy cua nguoi hoc, ddc biét 1a rén luyén nhing
thao tac tri tug, hinh thanh kha nang tu duy khoa hoc
(chtic ndng phét trién); danh gia duoc két qua qua
trinh day - hoc, kha ning ti€p thu kién thic va trinh
do phat trién nhan thac cua nguoi hoc (chtic ning
kiém tra). Do d6, viéc day hoc Toan c6 dat hiéu qua
nhu mong mudn hay khong phu thudc chu yéu vao
su khai thac ding d4n va thuc hién mot cach day du
cac chiic nang khac nhau cua bai tap toan cua nguoi
day, trong qua trinh thiét k& va t6 chiic bai hoc.
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Trong mon Toan & truong phd thong, dang Toan
ching minh c6 thé hiéu la nhiing bai tap yéu cau
st dung lap luan logic chat ch€, dya trén cai da cho
trong gia thiét va cac dinh nghia, tién dé, dinh 1i da
biét dé xac nhan mot phat biéu (hay tinh chat, déng
thic) la dung cha khong chi dua vao cam nhan ca
nhan dé kh:fmg dinh két qua. Theo d6, nguoi giai
toan can lam rd mot chudi céc thao tac tu duy, suy
dién logic, sao cho tir gia thiét cta bai toan c6 thé
di dén duoc két luan, nho d6, kh.'fmg dinh duoc tinh
ding dén cua 1oi gidi bai toan.

3.2. Tu tudng co bdn ciia G.Polya vé tim 10i gidi
bai todn

G.Polya (2009) dua ra ban goi y tim loi giai bai
toan, ma tu tudng chinh thé hién qua 4 budc sau:

Budc 1: Hiéu bai todn. O bude nay, nguoi giai toan
can tra 10i duoc cac cau hoi chinh yéu, nhu: Cai gi
da cho, cai gi can tim; dang toan nao (Hinh hoc,
Dai s6,... tinh toan, ching minh,...); ¢6 bai todn nao
tuong tu (da biét cach giai truéc d6) khong; nhing
kién thtic can c6 dé giai bai toan nay la gi; c6 thé
Chuyén bai nay thanh bai khac tuong tu, quen thudc
hon khong?

Budc 2: Xay dung chuong trinh gidi. Nho hiéu bai
toan nhu da néu ¢ budc 1, & budc nay, nguoi giai
toan c6 thé xay dung chuong trinh giai bai toan, dé
xudt trinh tu thyc hién, sao cho tir nhiing gi da cho
trong gia thiét c6 thé di dén dugc két qua bai toan.

Budc 3: Trinh bay loi gidi. Tt nhiing gi da dugc
phat hién, tim t0i & cac budc 1 va 2 & trén, nguoi giai
todn phai téng hop, rdi sip xép lai y tudng theo mot
trinh tu va trinh bay cach hiéu ctia minh vé lién he
gitta cdi da cho v6i cai phai tim, tao thanh mot 16i
giai, thong nhat, logic va hop li.

Buéc 4: Nghién citu két qud gidi bai toin. O buoc
nay, truéc hét, nguoi gidi toan can kiém tra lai 1oi
giai d6 c6 dung hay khong, 1ap luan c6 chét ché hay
khong? Sau d6, dua vao két qua thu dugc khi giai
bai tap ban ddu ma khai quat thanh dang toan, néu
phuong phéap chung dé giadi dang toan d6. Hon nita,
can tim thém céch giai khac, r6i phat trién né thanh
mot dang tong quat dé dé xuat cac bai tap tuong tu
(nho cu thé hoa hay dac biet hoa) hodc dé xuat bai
toan méi, dya trén két qua tim dugc....

3.3. Tim loi gidi bai todn dya theo bdn goi 1 ciia
G. Polya

O phan nay, ching t6i sé minh hoa vé huéng dan
nguoi hoc tim 101 giai bai toan, dua vao ban goi y cua
G. Polya va minh hoa qua dang Todn chirng minh
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trong hinh hoc phing véi bai toan sau (xem Hinh
1): “Cho tir gidc ABCD, ¢6 AB = CD, con E va F tuong
1tng la trung diém ciia AD va BC, hai canh AB va CD kéo
dai cit FE twong ting & H va G (6 vé cing phia véi BC).
Chitng minh rang: AHE = DGE ”. Chting t6i cho rdng,
dang toan nay minh hoa r6 nét cac budc trong ban
goi y tim 10i giai bai toan cta G.Polya, cu thé nhu
phan trinh bay dudi day.
Buéc 1: Hiéu bai todn.

Hinh 1

1) Cdi gi dii cho? (Thong thuong, khi chua hiéu sau
ban goi y ctia G. Polya, thuong nguoi gidi toan chi
chép lai nhu gia thiét trong dé bai ctia bai toan).

2) Cdi gi phdi tim? (Thong thuong, khi chua hiéu
sdu ban goi y cta G. Polya, nguoi gidi todn thuong
chi chép lai nhu yéu cau trong dé bai ctia bai toan,
v6i bai nay la Chitrng minh AHE = DGE ).

Chd y rang, dé hiéu bai toan nguoi giai toan can
phan tich, lam rd nhiing gi da cho trong gia thiét, moi
lién hé logic gitra cai da cho va cai phai tim, cho dén
khi tim thay gdn két gitra ching ciing la tim duoc 1o
giai ctia bai toan nay. Cu thé, v6i bai néi trén:

Cai da cho la ta giac ABCD, c6 AB = CD (gia thiét
1). Tuy nhién, hai doan AB va CD lai ¢ xa nhau, néu
ghép duoc hai doan cuing c6 do dai dé sao cho c6
chung mot dau mut thi sé tao duge mot tam giac can,
c6 hai géc & day bang nhau, lién quan dén céi phai
tim. Tuong tu, hai géc can chtmg minh bang nhau
dang & vi tri khong lién quan dén cac hinh c6 thé
goi ra tinh bdng nhau ctia chiing. Vi thé, cin chuyén
d6i hai goc nay vé vi tri cta hai géc nao d6, ma c6
thé d& dang hon khi xét tinh bing nhau cta ching.
Theo d6, ngudi giai toan can st dung cac tinh chat
da hoc, nhu hai géc dong vi, hai goc so le trong,... dé
chuy/én\ doi thich hop. Nhu vay, két hop ca AB=CD
va AHE =DGE cho phép nguoi gidi toan nghi dén
viéc phai tao ra mot tam gidc can, c6 hai goc ¢ day
tuong Gng bang hai géc AHE, DGE .

Trong hinh hoc phéng, dé cé thé bién d6i mot
doan thdng (hay mot goc) thanh mot doan théng
(hay mot goc) bang né thuong phai st dung tinh
chat ctia cac hinh da hoc, c6 cac yéu t& bang nhau,



Chéng han, hinh binh hanh ¢6 céc cdp canh d6i song
song va bdng nhau hay tam gidc can c6 hai goc & day
bang nhau... Do d6, néu 1ay mot doan thing da cho
dé tao dung hinh binh hanh thich hop thi tao ra mot
doan thing bang ng,... Theo d6, ngudi giai toan can
quy la (céi chua biét rd) vé quen (la cai biét ro), tuc
la phai ké thém hinh phu thich hop, sao cho stt dung
dugc cac yéu to da cho do.

E

Hinh 2

Nhin vao t& gidc ABCD dugc cho thi chua tim
ngay dugc mdi lién hé gitra céi da cho va cai phai
tim, nhung néu dé y dén duong chéo (AC ching
han), chia t& gidc do6 thanh hai tam gidc (xem Hinh
2). Khi d6, két hop thém gia thiét (tht hai) F (hay E)
la trung diém ctia BC (hay AD), gitp nguoi giai toan
nghi dén dudng trung binh ctia tam giac. Khi d6, néu
chon K 1a trung diém AC thi KF la duong trung binh
ctaa ACBA, suy ra AB // KF va AB = 2KF. Tuong tuy,
c6 KE 1a duong trung binh cua AACD, suyraCD //
KE va CD = 2KE. Do AB = CD (gia | thiét/anén KE
= KF, suy ra AFKE can, khi d6 KEF = KFE . Theo
tinh chat duong trung binh ctia tam giéc, c6 AB //
KF nén AHE = KFE, tuong tu, t CD // KE suy ra
DGE = KEF. Tucla c6 AHE = DGE . Bén day xem
nhu 10i gidi cda bai toan da duoc 10 ra, sau khi da
khai thac hét méi lién hé gitta céc cai da cho trong
deé bai.

Nhu vay, nguoi giai toan da khai thac hét cai da
cho trong dé bai dé dan dén cai phai tim, ttc la da
hiéu duoc bai toan, hiéu hét cac 4n y duoc cho trong
gia thiét cua bai toan nay va st dung chiing mot cach
hop logic. Do d6, muén tim duoc 10i giai bai toan,
bét budc nguoi giai toan phai doc ki cai da cho, hiéu
hét cac tinh chat vé né dé khai théc timg khia canh,
timg tinh chat da biét sao cho c6 thé két hop duoc
tot nhat cac yéu t6 dugc cho thi méi co thé tim ra 1oi
giai bai toan.

Buéc 2: Xdy dyng chuong trinh gidi bai todn.

Dé giai dugc bai toan nay, nguoi gidi toan can
quy la vé quen, theo cac budc sau:

Pham Ditc Quang

- Ké mgt duong chéo (nao do) cua tir gidc va xdic dinh
trung diém ciia n.

- Xdc dinh duong trung binh cua hai tam gidc ma
duong chéo do tao ra.

- Dya vao tinh chit duong trung binh ciia tam gidc chi
ra cdc goc bing nhau, cic dogn thing bing nhau.

- Dya vdo tinh chét ciia tam gidc cdn dé riit ra két lugn.

Chu y: Chuong trinh giai bai toan, nhu dé cap
o day, khong phai la 1oi giai bai toan ma thuong la
phuong phéap chung (hay cach nghi) dé tim duoc 1oi
giadi cho dang toan dang gdp.

Buéc 3: Trinh bay 10 gidi.

O budc nay, ngudi gii toan cn trinh bay duogc 1o
giai cta bai toan, cu thé:

Ké duong chéo AC cua tt gidc ABCD (nhu mo
ta 0 Hinh 2). Goi K la trung diém AC. Khi d6, KF 1a
duong trung binh caa ACBA, suy ra AB // KF va
AB = 2KF. Tuong tu, KE cting 1a duong trung binh
cua AACD, suyra CD // KE va CD = 2KE, mat khdc,
do AB = CD nén KE = KF, suy ra AFKE can, tac la
c6 KEF = KFE.Do AB// KEnén AHE = KEE va
tu CD // KE suy ra DGE = KEF. Ttc lac6 AHE =
DGE (xem nhu Céach 1).

Chu ¥ rdng, néu nguoi hoc chi doc 16i gidi c6 sdn
(nhu trinh bay trén) thi thdy bai todn nay khong kho
va c6 thé hiéu hét vé né. Tuy nhién, nguoi hoc sé
khong tu tra 101 dugc tai sao lai tim duogc loi giai
ngan gon thé. Chi khi ngudi hoc phai tu tim 16i gidi
bai toan nay (d6i mét voi thach thic) thi méi thay bai
toan nay hoan toan khong dé va dé tim duoc 1oi giai
can hiéu bai toan, phan tich ki nhu trinh bay nhu &
Budc 1. Mot khi tu tim duoc 1oi gidi, theo goi y trén,
nguoi giai toan sé cam thay minh dang phéat minh lai
10i giai bai todn va nhan thdy mot bai todn khong dé
ma lai c6 16i gidi ngén gon, dep thé. Khi do, nguoi
hoc méi cdm nhén dugc vé dep ctua Todn hoc, thong
qua suy luan chit ché dé chimg minh duoc diéu can
chtmg minh va thay dugc gitta cai da cho va céi phai
tim c6 mdi lién hé logic chit ché (khong thira, khong
thiéu). Tim 10i giai bai toan theo goi y & trén nhu mjt
nghé thudt (nhu trugt tuyé?f hay choi dan), ta c6 thé hoc
duoc nghé thuat d6 nho cham chi luyén tap, nhung
phai biét vuot kho, nhan nai, khong néng voi.

Buéc 4: Nghién citu két qud 107 gidi

O budc nay, nguoi gidi todn can thuc hién dugce
cac nhiém vu co ban sau:

1) Xét xem 101 gidi c6 dang khong? (da st dung
hét gia thiét hay chua, c6 chd nao st dung nhiing
diéu chua dugc hoc hay khong, c6 chd nao ngd nhan

https://doi.org/10.15625/2615-8957/12610405 41



Tap chi Khoa hoc Gido duc Viét Nam, Tap 22, S6 04 (2026), 38-46

theo hinh vé hay khong, & moi budc tién hanh két
qua c6 phai la duy nhat hay khong...).

2) Bai todn d6 thuoc dang todn nao? (chttng minh
hay tinh toan... v6i bai nay d6 la dang ching minh 2
goc hay 2 doan thing bing nhau).

3) Phuong phéap chung dé giai dang toan do la gi?
(Ké thém hinh phu, la doan théng, goc, tam giac...
thich hop; Pé chimg minh 2 yéu t6 bang nhau, nhu
goc hay doan thang, ta c6 thé tao thém yéu t6 moi,
tao thanh hinh quen thudc, da biét tinh chit caa no).

4) C6 cach giai nao khac khong? (khi da biét dang
todn va phuong phap chung dé giai nhu da néu, c6
thé tim thém mot s6 cach giai khac).

5) Cac bai toan tuong tu (hodc sdng tac thém bai
todn moi).

Hinh 3

Trong khuon kho bai viét nay, tac gia 16ng ghép
ndi dung (4) va (5) & Budc 4, nhu phan dudi day.
Hon nita, v6i moéi cach (tir Cach 2 dén Céch 9) ciing
chi xin trinh bay 10i giai ctia bai todn gdc va néu bai
toan mai (néu c6) ma khong phan tich cach tim ra loi
giai bai toan gbc va khong dua 10i gidi cda ting bai
toan moi do.

Cdch 2: Ké hai duong chéo AC va BD cua ttr giac
ABCD. Goi K, L tuong tmg la trung diém AC va BD
(nhu moé ta & Hinh 3). Khi d6, KF = KE = EL = LF.
Do d6, FKEL la hinh thoi, suy ra EF la phan giac cua
KFL. Tur d6, suy ra AHE = DGE . Ttrloi giai nhu ¢
Cach 2 c6 thé sang tac them:

Bai 1. Thém gia thiét: Goi K, L tuong ting 1a trung
diém ctia AC va BD (xem Hinh 3). Chting minh rang,
KL L FE.
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Bai 2. Thém gia thiét: Goi K, L tuong ting 1a trung
diém cta AC va BD. Goi M, N, P, Q tuong tng la
trung diém cda KF, FL, LE, EK (Hinh 3). Ching
minh r:?mg ta giac MNPQ 1a hinh chit nhat.

Cdch 3: Dung 2 hinh binh hanh BFKA va CFLD
(nhu mo ta 6 Hinh 4). Khi d6, c6 FK = FL, AK // DL
va AK = DL, suy ra AKDL Ia hinh binh hanh, ma EA
= ED nén KL di qua E. Ltac nay AFKL can va c6 FE
1a phan giac caa KFD. Tir d6, suy ra diéu can ching
minh. Tir 16i gidi nhu & Céch 3 c6 thé sang tac thém:

Bai 3. Thém gia thiét: Dung 2 hinh binh hanh
BFKA va CFLD (xem Hinh 4). Chtng minh ring ba
diém K, E, L thang hang va KL L FE.

Hinh 5

Cich 4: Dung 2 hinh binh hanh FCDL va DKAL
(nhu mo6 ta 6 Hinh 5). Khi d6, c6 AK=DLva AK //
LD, suy ra, AK // BF va AK= BF, do d6, AKFB la
hinh binh hanh, suy ra AB = FK = FL = CD. Luc nay,
AFKL can va FE la mot duong trung tuyén nén né
cting 1a phan giac cua KFL . Tir d6, suy ra diéu can
chtrng minh.

Hinh 6

Cidch 5: Dung hinh binh hanh BCKA (nhumoé ta ¢
Hinh 6), c6 CK = CD hay AKCD cén. Goi L la trung
diém cua KD thi EL la duong trung binh ctia AAKD,
suy ra EL // FC va EL = FC, do d6, FCLE la hinh
binh hanh, suy ra CL // FE, do d6 KCL=AHE va
DCL =DGE. Tt d6, suy ra diéu can ching minh. Tt
10 gidi nhu & Céch 5 ¢6 thé sang tac thém:

Bai 4. Thém gia thiét: Dung hinh binh hanh BCKA
(xem Hinh 6). Goi L 1a trung diém ctia KD, ching
minh rdng KD L CL.



Cich 6: K& DK // FE va DK cét AF tai K (nhu
mo ta ¢ Hinh 7). Khi d6, FE la duong trung binh
cua AADK, suy ra AF = FK. Tt d6, AAFB = AKFC
(c.g.c),suy ra AB=CKva AB // CK. Lac nay ACDK
can (CD = CK), suy ra CDK=CKD. Ttr d6, suy ra
diéu can chtig minh. Tt 16i giai nhu & Céch 6 c6 thé
sang tac thém:

H

Hinh 7

Bai 5. Thém gia thiét: Dung hinh binh hanh AFLE
(xem Hinh 7). Chtng minh réng CL L DL.

Cdch 7: Dung hinh binh hanh ACDK (nhu mo ta
0 Hinh 8), suy ra AK = CD = AB va EK = EC, do do,
FE la duong trung binh ctia ACBK, suy ra BK / Lﬂi
Lac nay AABK can (AB = AK), suy ra AKB=ABK.
Tu d6, suy ra diéu can ching minh. Tt 10i giai nhu &
Céch 7 c6 thé sang tac thém:

Hinh 8

Bai 6. Thém gia thiét: Dyng hinh binh hanh ACDK
(xem Hinh 8). Goi L 1a trung diém BK, chtmg minh
rang AL L BK.

b

Hinh 9

Bai 7. Thém gia thiét: Ké BT // GDva AU // GD,
v6i T, U thudce FE (xem Hinh 9). Chtimg minh rdng:
BT =BH; AH = AU.

Pham Ditc Quang

Hinh 10

Cdch 8: Qua diém E vé duong thang d // BC. Qua
timg diém B va C vé tuong tng timg duong thang n,
m cling song song v6i HE. Goi giao diém ctia d v6i
m, n tuong tng la M, N (nhu m6 ta ¢ Hinh 10), thi
BCMN Ia hinh binh hanh. Do FB = FC nén EN = EM.
Khi d6, AAEN = ADME (c.g.c), suy ra AN = MD. Do
d6, AABN = ADCM (c.c.c), suy ra ABN=DCM. Tt
do, suy ra diéu can ching minh.

Hinh 11

Cich 9: Ké BU va CT vuong goc véi HE (nhu mo
td 0 Hinh 11), thi ABFU = ACFT, do d6, BU = CT
va BU // CT. Ké AL va DK vudng goc véi HE, thi
AAEL = ADEK, do d¢, EL = EK, AL = DK va AL
// DK. Ké BN va CM tuong ting vudng goc voi AL
va DK, thi BNLU va CMKT la hinh chit nhat, suy ra,
NL// KM va NL = KM, do d6 NLMK la hinh binh
hanh, ma EL = EK nén MN di qua E. Khi d6, BCMN
la hinh binh hanh, nén BN = CM, suy ra ABNA =
ACMD, do d6, ABN=DCM . Tx d6, suy ra diéu can
chting minh. Tir 16i gidi nhu & Céach 9 c6 thé sang tac
thém:

Hinh 12
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Bai 8. Chiig minh rdng BH = CG.

Bai 9. Chung minh rdng AH = DG.

Bai 10. Thém gia thiét: Dung hinh binh hanh
AHGK (xem Hinh 12). Ching minh réng KD L HE.

3.4. Bu6c ddu thir nghi¢gm va bign phdp trién khai

Nhim buéc dau kiém nghiém tinh kha thi cta
céch lam nay, chting t6i da thuc nghiém, truc tiép
day hoc phan DAY HOC CAC TINH HUONG PIEN
HINH TRONG MON TOAN, v6i d6i tugng sinh vién
Su pham todn, ndm tha hai, tr nam hoc 2023 - 2024
dén ndm hoc 2025 - 2026, & Trudong Dai hoc Su pham
Ha No6i 2. Qua d6 cho thay:

3.4.1 So b hiéu biét ciia nguoi hoc vé tim 10i gidi bai
todn

Ban dau, qua phong van, nhdm danh gia so khoi,
cho thdy hau hét nguoi hoc chua duoc tiép can voi
ban goi y tim 10i giai bai toan ctia G. Polya va ciing
gan nhu chua hé doc tdc pham Gidi bai todn nhu thé
nao cua G. Polya. Vi thé€, hau nhu nguoi hoc khong
biét dén cac bude dé c6 thé tim 1oi giai bai toan. Khi
duogc hoi, da s6 nguoi hoc déu quan niém giai bai
toan la trinh bay 1oi gidi cua bai todn do, theo cach
ma mdi em duoc hoc trude day. Ttc la, nguoi day
chi nghiéng vé chita bai tap toan (tim duoc két qua,
nhu ¢ Budc 3) ma khong day cach tim 1oi gidi bai tap
toan.

Khi duogc giéi thiéu va lam quen v6i ban goi y
tim loi giai bai toan ctia G. Polya, sau khi tu doc hiéu
roi trinh bay, cho thdy hau hét nguoi hoc déu cho
rr?mg, Budce 1, hiéu bai toan 1a doc lai (hay chép lai
y nguyén) gia thiét va néu ra két luan caa bai do.
Nguyén nhéan chinh la do nguoi hoc chua tu tim loi
gidi bai todn, ma trudéc day thuong chi nghe giang
va chép 1oi giai bai todn dugc gido vién trinh bay,
sau do6 hoc thudc loi gidi d6, tac la chi hiéu duoc 1oi
giai chtr chua thuc sy hiéu bai toan. Tat nhién, khi
hoc theo cach nay thi bai toan nao cting khong kho
(vi da co 10i giai), song khong thé tu tim 10i giai bai
toan khéc (co thé la bai tuong tu). Hon nita, nguoi
hoc khong xac dinh dugc dang toan (la chtmg minh
hay tinh toén,...), chua biét phan tich dé tim lién hé
logic gitra cai da cho va céi phai tim, rdi ting budc
tao thém mdi lién hé gitta chung, tiém can voi loi
giai bai toan. Vi th€, nguoi hoc chua huy dong dugc
kién thtic co ban can c6 dé giai bai toan dit ra. Con
0 Budc 2, xay dung chuong trinh giai bai toan thi da
s6 nguoi hoc ddng nhat voi Budc 3, trinh bay 1oi giai
bai toan. O Budc 4, nghién ctu két qua 16i giai thi
khong nhiéu sinh vién trong 16p thuc hién, véi mot
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s6 em c6 lam thi cling chi biét kiém tra lai 16i gidi c6
dang hay khong ma khong tu rat ra duoc dang toan
va phuong phép chung dé gidi nhdm lam sau sic va
phong pht thém vén hiéu biét cho minh. Hau nhu
khong c6 sinh vién nao biét cach khai théac 1oi giai dé
c6 thé sang tac thém bai tap méi (nhu da trinh bay
O trén).
3.4.2. Bién phap

Truéc thuc trang vé hiéu biét cua nguoi hoc vé
tim 10i giai bai todn nhu mo ta trén, budc nguoi day
(1a tac gid bai viét) phai dua ra mot s6 bién phap
thich hop, nhu trinh bay duéi day.

Trudc hét, giup nguoi hoc tim hiéu vé vi tri, vai
tro cua bai tap toan, ban goi y tim 101 giai bai toadn ctia
G. Polya, Iam rd cac nhiém vu ma G. Polya khuyén
lam, ¢ ttimg budc d6 (nhu da néu d muc 3.1 va 3.2 cta
bai viét nay).

Tiép theo, gitp nguoi hoc sit dung ban goi y tim
10 gidi bai toan cta G. Polya dé giai toan. Theo do,
giang vién lam mau, phan tich ki ting nhiém vu can
thuc hién véi timng budc, nhu duoc néu trong ban goi
y tim 10i gidi bai todn cua G. Polya, qua vidu cu thé,
ma ndi dung néu ¢ muc 3.3 l[a mot vi du. Sau d6, yéu
cau nguoi hoc lam tuong tu v6i mot bai toan khac
(khong qua kho). Ti€p t6i, yéu cau vé nha nguoi hoc
tu chon mot bai toan (Pai s6 hay Giai tich) va huéng
dan nguoi hoc tim 10i giai, theo hiéu biét cta minh,
vao budi hoc sau sé trinh bay truéc 16p, dé moi nguoi
cung nghe, gop y (néu o). Tuc 1a, gidng vién da 1ong
ghép day li thuyét tim 1oi giai bai toan véi thuc hanh
tim loi giai bai toan, gitp nguoi hoc ty tim 16i giai
bai toan thong qua vi du cu thé. Két hop 1am mau
dé nguoi hoc hiéu kién thtc méi can hoc déng thoi
rén ki ndng thong qua yéu cau tim 10i giai cua mot
bai tap cu thé va trinh bay vé nhiing gi da chuan bi.

Trén co s ngudi hoc da biét tim 10i giai bai toan
theo ban goi y cua G. Polya, yéu cau mdi em sdng tac
thém bai toan (nhu dé cap & trén), dé tu lam phong
pht thém vén hiéu biét, c6 thé tu tin khi dugc yéu
cau ra bai tap véi nodi dung dugce hoc. Nho do, cac
em khong ling ting khi duogc yéu cdu ra dé kiém tra,
khi thuc day & truong phé thong. Hon nita, ciing yéu
cau mdi ngudi hoc néu cam nhan vé viée tim 101 giai
bai toan (theo cach néu trén), c6 nhan thay vé dep
cta viéc hoc va giai toan hay khong, nho dé khich 1&
tinh ham hoc toan cua timg em.

3.4.3 Két qud ban dau

Qua mdt vai tudn hoc va thuc hanh theo cach
hoc nhu mo ta § trén, nhin chung nguoi hoc da tién



bo déng ké, biét cach tu tim 16i giai bai tap toan (¢
pho thong) va biét cach huéng dan tim 10i giai theo
cac budc, trong ban goi y tim 1oi gidi bai toan cua G.
Polya. Ttc 1a, nguoi hoc da hiéu va c6 thé &p dung
duoc ban goi y tim 16i giai bai todn ctia G. Polya trong
tinh huéng méi. Chang han, mot két qua vé hiéu bai
toan ban dau (néu ¢ muc 3.3) nhu mo ta dudi day:

BAI TAP TUAN 12

Nhém thuc hign: Tran.T.H.H - Du.V.L - Lang.T.L -
Ma.T.N-Nguyén N.N.N-Nguyén.N.B.T- Nguyen. T.P.T

Hiéu bai todn: Cdi did chola AB=a=CD, BF=c
=FC,DE=b=EA.

Hinh 13

Cdi phdi tim la chiing minh H=G.

Goi BH = x, CG =y (nhu mé ta ¢ Hinh 13).

Ta thdy, trong tam gidc BFH c6 H d6i dien canh
¢, trong tam gidc AHE c6 H doi dién canh b. Tuong
tu, trong tam gidc CGF co G doi dién canh c, trong
tam gidc DGE c6 G d6i dién canh b. Tir lién hé gitia
g6c va canh doi dién gitip ta nhd dén dinh 1y ham s6'sin

trong tam gidc.

Miit khdc, ¥ F

' E, lahai gocké bii, B, B, la hai goc ké

bu. Do “sin bu”, nén sinlA?I = sinla2 va sin ﬁl = sinﬁz.
Nho d6, néu sir dung dinh 1y ham s6 sin trong cdc

tam gidc BHF, FGC, AHE, EGD va bién doi dai s6 thi

, A o
co dugc dang thitc. Tur do, tim ra dugc sinH =sinG
c6 diéu can ching minh.

Ngoai ra, qua danh gia tong két, véi bai thi van
dap cudi hoc phan, ma noi dung cau hoi thuong
1a “Dya vao ban goi y tim 1oi giai bai todn cua G.Polya
huéng dan hoc sinh tim 10i gidi bai todn sau:...”, cho
thay vé co ban nguoi hoc da hiéu va tra 16i dugc cau
hoéi nay.

Pham Ditc Quang

4. Thao luan

Ban goi y tim 1oi gidi bai toan ctia G. Polya da
dugc phé bién & nudc ta, tuy nhién, dén nay, con
c6 nhimg cach hiéu va khai thac riéng, ma mot s6
cach lam nhu dugc moé ta & muc 1 cta bai viét nay.
Con theo chiing t6i ban goi y tim 1oi giai bai todn
cta G. Polya, mic dut dugc mo ta theo céc budc (4
buéc) nhung d6 khong phai 1a quy trinh dé c6 thé
dan ngay dén 10i giai cua bai toan, ma do chi la ban
huong dan vé cach suy nghi, dinh huéng tu duy, dé
c6 thé phat hién dugec méi lién hé logic gitta cai da
cho va cai phai tim. Pay la qua trinh doi héi nguoi
gidi toan phai thuc hién duoc céc thao tac tu duy,
nhu phan tich, téng hop, so sanh, dic biét hoa, khai
quat hoa,... cht khong don thuan chi la tim ¢ dau do
mot 10i gidi dung cda bai toan.

Hon ntta, huong dan nguoi hoc tim 101 giai bai
toan, dua theo ban goi y cta G. Polya, la van dé
khong méi. Tuy nhién, véi d6i tugng cu thé, ching
han, sinh vién Su pham Toan ¢ Truong Pai hoc Su
pham Ha Noi 2 van la diéu khong cii, cdn duoc day
ki cang, xem nhu réen nghé day hoc cho sinh vién.
Déc biét 1a trong boi dudng gido vién toan, sao cho
ho hiéu dé thay d6i cach day, tranh duoc tinh trang
chi cha trong chita bai tap trén 16p, ma khong day
cach giai todn cho nguoi hoc.

Neéu khéo 1éo khai thac va st dung, minh hoa qua
Vi du (nhu trinh bay trén), ching nhimg gitp nguoi
hoc vé cach nghi dé tim ra 10i gidi bai todn ma con
tim dugc nhiing cach giadi khac nhau véi bai toan dé
ra, rdi c6 thé dya vao doé dé sang tac thém bai toan
méi, lam phong pht thém vén hiéu biét cia minh.
Nho do, nhan ra vé dep ctua Todn hoc, tao hiing thd,
ham thich hoc tdp moén Toan. Nhu thé, mdi nguoi
hoc ¢6 thé tu tin hon khi hoc va sang tac bai tap.
Thém vao do, hiéu sau hon céc kién thtc duoc hoc
va cach huy dong cac kién thtic nay khi suy luan dé
tim 101 giai cta bai toan.

5. Két luan

Giai bai tap todn nhu mot nghé thuat c6 tinh
thuc hanh, nhu truot tuyét hay choi dan, nguoi hoc
c6 thé hoc duoc né nho chim chi luyén tap. Cac
budc nhu dé cap trong ban goi y tim 101 giai bai toan
ctia G. Polya khong phai la quy trinh gidi toan dé
c6 thé ap dung, rap khuon theo 1a c6 két qua ma do6
chi 1a huong dan cach nghi, cach huy dong cac kién
thitc da biét dé c6 thé tim kiém lién hé logic, chdp
ndi gitta cai da cho va céi phai tim, nho d6 tim ra
hudng giai bai toan nay. Vi thé, chi khi nguoi giai
toan hiéu va luyén tap theo thi méi c6 thé chu dong,
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tu tin tim 16i giai bai todn, v6i nhiing bai toan mdi,
chua quen dang.

Néu nguoi day khéo 1éo khai thac, huéng dan dé
ngudi hoc c6 thé timg budc 1am theo, tién t6i hiéu va
c6 thé van dung ban goi v tim 10i giai bai toan cta
G.Polya thi chiang nhiing gitp tu tin khi hoc Toan
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