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VAN DUNG QUY TRiNH GIAI BAI TOAN CUA
G. POLYA VAO DAY HOC GIAI BAI TAP TOAN
CHO HOC SINH CHUYEN TOAN

o ThS. PHi THI THUY VAN

Truong THPT Chuyén Nguyén Trai - Hai Duong

Day hoc giai toan c6 vai tro quan trong tronﬁ
mon Toan, ddc biét la_ddi véi hoc sin
chuyén toan. Viéc da ‘hoc_giai toan cho hoc sinh
chuyén toan khong chi nham luyén cho hoc sinh
giai nhiéu dang toan thudng gap trong cac ki thi,
ma diéu quan trong hon 13 pbai rén luyén cho
cac em tu duy sang tao, kha nang tu hoc, tu
nghién cltu va van dung toan hoc.

__Theo G. Polya can hinh thanh cho hoc sinh
thoi quen truGce 13i giai clia bai toan tu dat nhiing
cau hoi dang: “Cach giai nay that dung, nhu’ng
lam nhu thé nao dé nghi ra mét cach giai khac?
Su kién nay da dugc kiém nghiém, nhung lam
theé nao dé phat hién ra cac su kién nhu vay? Va
lam thé nao dé tu minh phat hién ra dugc?” (1,
tr.7]). Theo 6ng, can phai gitp cho hoc sinh biét
tién hanh hoat dong giai toan clia minh théng
qua nhimng thao téc tri ué, dac biét la nhitng “suK
luan c6 [i7 d& nhan dang bai toan, tim toi, trin
bay va kiém tra IGi giai.

,. Dudi day ching téi xin dua ra mat vi du day
giai bai toan hinh hoc khéng gian d& minh hoa
cho kha nang va y nghi"a cua viéc van dung tu
tudng su pham cilla G. Pélya vao day hoc giai
toan cho hoc sinh chuyén toan. i

Bai toan 1. Cho tr dién ABCD, M la diém
bép trong tam gidc BCD. Qua M ké céac duon
thapg song song vdi AB, AC va AD cét cac mat
pha“rgjg (ACD), (ABD); d(ABC) lan lugt tai B,, C,,
D,. Chung minh AM di qua trong tam ciia tam
giac B,C,D,. o

Trong bai bao nay chung t6i ki hiéu nhu sau:

?) Cau hoi hoac cau dan dat cla giao vién

) Cau, tra Igi mong dai cGia hoc sinh

... Biéu thi su im Ian% clia hoc sinh sau
nhiing c&u hoi ma cac em khong tra'16i duge.
au day la cac cau hoi dap cla tha

! > clla thay ya tro
trong bai giang nay (cac cau héi nay c6 t

€ tang

thém ho&c giam bét di tuy thudc vao trinh d6 cla -

hoc sinh) L L
* Budc 1. Tim hiéu néi dung bai todn
?7) Bai toan nay thuéc dang nao?
Q Ching minh, o
, .\7) Giao vién yéu cau hoc sinh vé& hinh néu
gia thiet va két luan cla bai toan. .
* Budc 2. Xay dung chuong trinh gidi
Giéo vién hudng dan hoc sinh lam theo tuan
tu sau: N . .
1. Hudng dan hoc sinh vé hinh.
?) V& hinh cadc em gap kho khan gi?
1) Kho xac dinh B4, C4, Dy. X
?) Liéu c6 xac dinh dugc B4, C4, D4 mot
cach chinh xac khéng? Hay thr xac dinh mét

diém, B, chng han?

(?1) Hay xem lai gia thiét B, thod man diéu

kién gi?
' {'?) MB, song son%ﬂvéi AB va B, e (ACD).
?), Tu diéu kién MB va AB song song vai
nhau cac em bi€t gi thém vé vi tri cta diém B4?

[2 Bye(ABM). i

‘ E)r\]hu vay B1 thudc hai mal phing (ACD)
va ( I\Q ma MBy song song v6i AB. Bay gi6
cac em da xac dgnh dugc B4 chua?

., (!)ROi. Trong (BCD) cébM cat CD tai N, khi
dé ﬂao tuyén cta hai mat phang (ACD) va
(ABM) la AN. Trong (ABN) qua M ké dudng
cat AN tai B4(Hinh 1),
tur hay xac dinh Dy, C;.

?)Hay dua cacki hiéu thich hop vao hinh vé.

thang song song vai A
?g Tuon

A

Hinh 1

2. Chung minh AM di qua trong tam cua

AB,CJD ) . .
é. bé chimg minh AM di qua trong tam
AB4C4D4 ta phailam gi?

(?) Trong tam cla tam giac dugc xac dinh
nhu the nao? - . !

{7) Giao diém ba duong trung tuyén.

?) Vay néu AM di qua trong tam AB,C.D,
thi AM va cac dudng trung tuyén cla tam giac
nay co quan hé nhu thé nao? .

g) AM phai cat cac dudng trung tuyén do.
2.1. Chung minh AM cat mét dudng trung
tuyén cua AB,C,D, : )
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_ (?) Bay gio ta c6 mét cai dich méi la ching
minh AM cat cac dudng trung tuyén cla
AB4C4 Dy4. Trudc tién, hay chiing minh AM cét
mc}?,derng trung v
tuyén cla tam

fac d6, chan
2an B4E(Hin

, (?) D& AM
cat B4E thi vi tri
cla dieém E nhu

thé nao?
E<(AM

0]
B% hay Ee
(ABN

(?) Do E la
trung diém cla
D4Cy, nén
nhiém vu modi
cia ching ta
bay gig la gi? |

?!) Phai
chiing ;|  minh »
B1CC1 cat mat phang (ABN) tai trung diém E cla

i (1?) Rat dung. Trude hét cac em hay tim giao
diém clia C4D, v8i mat phang (ABN)? ,

(?) Mudh fim giao diém cla dudng thing
D4C4 va mat phang (ABN) ta tam thé nao?

, {!) Chon mo6t mat phang chira D,;C cat mat
phang (ABN) theo mét giao tuyén. éau dé xac
dinh g;ao diém D4Cvdi giao tuyén vira tim dugc.

s.) Cac em hay lam viég d6.

) (MCiDy) ta mat phéng chita C4D4 va
song sqng voi mat phang (ACD) nén chung ca
mat phang (ABN?1 theo hai giao tuyén Ml va AN
song song vai nhau (I thuoc AB). Khi d6 Ml la

iao tuyén cua hai méat phang (MC4D4) va
?ABN).7G|ao diém cta Ml ya CD, chinh la giao
diém cua C4D4 va mat phang (ABN).

?) Bay gio ta phai chinpg minh diéugi?

1) Ghimg minh giao diém cGa Ml va CD4 la
trung diém cua C4D;. .

[y Hay chirng minh diéu dé.

1) Tt giac MC4ID 1 hinh binh hanh (Vi hai
mgt phang (MC4D4) va (ABC) chifa hai dudng
thang AC va MC, song song vdi nhau nén giao
tuyén | D4 clia chling song song,véi MC,. Tuong
tu1C4 song song véi MD,), vi thé hai dugng cheo
M| va C,D chia n6 cat nhau tai trung diém E cla
moi duong. .

(?) Bay %:d ta da c6 AM va B4E cung thudc
mét ﬁhang (ABN) ma ching khong song song
vGi nhau nén chang phai cat nhau. Tuc 13 ta da
ching minh dugc AM cat mot dudn%trung tuyén
xuét;hét tir B4 cua tam giac B4C4D;

2.2. Khang dinh AM cat hai dyong trung
tuyén con lai cua AB,C,D, dé dan dén két
ludn cua bai todn.

é?) Dén day cac em da ching minh dugc
AM di qua trong tdm ctia AB4C4D4 chua?

(}) R6i. Bang cach tuong tu ta ching minh
AM cat hai dudng trung tuyén con lgi clia AB4 C
D,. Ma AM_ khéng thuéc mat phang (B{C;D,)
nén AM phai di (BJa giao diém ba dudng trung
tuyén cta AB{C,D;. o e

(?) Nhu vay cac em da c6 dudng I6i giai bai
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toan nay. Bay gid cac em hay trinh bay 16i giai
clia bai toan. _ .
* Budc 3. Thut hién chuong trinh giai bai
todn
Loi %iéi mong dgi. Goi N la giao diém cla

BMva CD, P la giao diém cia CM vaBD, Q Ia
%iao diém cua DM va BC (h.2). D¢ thay B4 € AN;

1 € AP; D, e AQ. Vi hai méat phang (MC4D,) va
(ABC) chtra hai dudng thang AC va MC, song
song voi nhau nén glllao tuyen | D4 clia ching
song song voi MC4. Tuong tu IC4 song song Vo
MD,, do vay tir giac MC4ID4 Ia hinh binh hanh.
Nén trung diém E ctla C4D4 ciing la trung digm
ctia MI. Vivay B4E va AM cling thudéc mat phang
(ABN) ma chung khéng song song vi nhau nén
chung, cat nhau. Ching minh tudng tu ta suy ra
AM cat hai dudng trung tuyén con lai cla tam
giac B4C4D4y ma AM ¢ ?81 4D4) nén AM di qua
iao diém ba dudng trung tuyen clia tam giac
'1Ch[)b Do d6 AM di qua trong tdm cla tam
giac . , ,

o LIJdQ14. Kiém tra va nghién cuu 101 gidi
cua fg?a‘)i%oan bai todn ns

. (?) Trong bai toan pay
dé chiing minh dudng thang A
AM khong nam trong mat
phang (B4C4D) di qua gjao
diém cla hai, duong thang I
trong mat phang (B84C4D,),
ta,can ching minh dudng
thang a,lan lugt cat cac
dugng thdng do6 & trong mat S
Fhéng (B4C D,12. Tuy nhién g

a cling co t?\é hay diéu dé
bang viéc ching minh AM B,
cat duong trung tuyén B4E
tai trong tdm cua tam giac

B4C41D4 bang cach xét hinh M .
binh hahh AIMB, véi cha y £ Hink 3
la trung, diém cda IM (hinh -

3). Khi @y ta con tinh dugc ti s6 "G =2

.. (?) Tu nhitng nhan xét nay cac em co thé
giai dugc bai toan sau day dugc khong? i
Bai toan 2. Cho gdc tam dién Axyz,tha’&déll
quay quanh diém A c6 dinh va mét diém M cé
dinh nam, trong goéc tam dién. Qua M ké cac
dudng thng song song vdi Ax, Ay, Az cét cac
gl_ét §/Az , (XAz), (xAy) cda tam dién lan lugt tai
1

oo é C1' Chiing minh rang trong tam cda tam
1

1 D1_Cé dlnh , .
Hudng dan: Trong tdm clia tam giac B4 C
D4 la diém chia doan AM theo ti s6 2:1. ,
(?) Néu thay gia thiét cac dudng thang qua
M song song vai AB, AC, AD clia bai toan 1
thanh_cac dudng thang qua M song song vdi
GB, GC, GD (véi G la trong tdm cua t{ dién
ABCD) ta sé& co bai toan mdi sau day:
Bai toan 3. Cho tr dién ABCD vdi trong tam
G. M |a di€m bén trong ABCD. Qua M ké MX, MY,
MZ lan lugt song song vdi GB, GC, GD (X, Y, Z
fan lugt thudéc mat phang (ACD), (ABDZ, L/;\BC‘)Z.
Chimg minh GM di qua tron%tém AXYZ (Hinh 4),
udné) dan: Su dungf ép Vi tu tdm M ti s6
1:4. Sau dé ap dung bai 1 véi tif dién GBCD ta
suy ra diéu phai ching minh. .
(?) Tu bai todn 3 nay cac em co thé giai
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A dugc bai toan 4
sau day khéng?

Bai toan 4.

Goi O la tam

cla tur dién déu.

Tu mét diém M

bat ki trén mot

mdt cuda tu dién

ha cac duong

vubng goéc vdi

B Dba mat con lai,
vdi K, L, N la

chédn ba dudng

N vubng goéc nay.

Chung minh

B, OM di qua trong

C tdm cha tam
Hinh 4 giac KLN.

Hudng dan:

) Vi tr dién da
cho la déu nén O vua la trong tam, yira la truc
tam cla t& dién. Do vay cac dudng thang qua M
va vudng goc véi cac mat con lai chinh la dudng
thang qua M va song song vdi OA, OB, OC, khi
d6 bai todn trd vé bai toan 3

(?) Goi S la giao diém hai dudng chéo ciia
hinh  binh  hanh
AIMB,. Xét phép doi
xing tdm S: M bién
thanh A, B4 bién
thanh |, C; bién
thanh J (JeAC), D
bién  thanh = K
(KeAD) (Hinh 5).
(?) Khi dé ta co
hinh hop AJ B4K.I
D4M C, véi mét tinh
chat quen thuéc
clia hinh hop la:
budng chéo AM
clia hinh hop di qua
trong tam cla tam
giac chéo B4 C4 Dy,
(?) Ti phép doi
XUng tam trén ta suy ra tr dién AlJK va t(r dién M
B4 C4 Dy bang nhau. Do do6 thay cho viéc xét ti
dien M By C4 D4 ta di xét tir dién AlJK, Tir day ta
s€ 6 bai toan 5 tha vi sau:
Bai toan 5. Vdi gia thiét cua bai toan 1. Tim
vi trf cia M dé€ thé tich tur dién M By C4 D1 la lon
nhat.
Hubng dan: Nhd phép d6i ximg tam da néu 0
trén ta co ta c6 hai tir diégn M B, C4 D4 va AlJK co
thé tich bang nhau.

. Vux ALAJAK
Mat khac = .
Vs, AB.AC.AD
Al _MB, MN _Sycp .
AB AB BN S,
AJ - SMBI) . AK — SMB('
AC Ssen AD S BCD

o rs Al AJ  AK
Trdésuyra — + —— 4+ 2= =
AB AC AD
Ap dung bat ding thic Cauchy ta cé

1> 33 Ve pan Ve o 1
VAU( Al VAIJ( N2 27

I

hay Vimew, 1 ).
VAB('IJ 27

. (?) Qua bai toan 5 cac em hay dé xuat bai
toan mai.

() Bai toan 6. Cho goc tam dién Axyz vg M
la diem ¢6 dinh goc nay. Xac dinh mat phang
qua M cat Ax, Ay, Az 1an’lugt tai B, C, D sao cho
thé tich tr dién ABCD la nhd nhét .

Cudi cung gido vién yéu cau hoc sinh vé
nha lam cac viéc sau day: R
.- Tron%bé[toén 1: Tim vi tri cia M dé hai mat
phéngéB,C )va (B4 C4 Dy ) song song véi nhau.
.- Giai bai toan 1 Léng phuong phap khéac
(chang han phuong phap véc tg). .
- Mo rong bai toan 1 tir dieu kien M nam
trong tam giac BCD thanh M trong khong gian.
& viéc van dung quy trinh giai toan cua G.
Pdlya vao day hoc giai- toan cé hiéu qua, trong
mol budc cla quy frinh nay, gido vién can tan
dung moi co hoi de I()n?1 ghép cac cau hai dan
dat suy nghi cua hoc sinh, gilp cac em tim toi 10i
giai bai toan mot cach chu dong, sang tag. biéu
quan trong khdng chi ¢ ché hoc sinh giai dugc
bai toan ma con phat hién, khai thac dugc moi
quan hé gitra bai tap dang xét véi cac baj tap
khac, tif do thu dudc tri thirc phuong phap dé giai
moét dang toan. Cach lam nhu vay gilp cho hoc
sinh chang nhing hiéu, nam vitng cach giaj ma
con thay dugc qua trinh suy nghi tim ra 16i giai 6
mot cach tu nhién, hop i, tao niém tin vao kha
ndng cda minh va néu cd gang ¢6 thé tu tim ra
duac. Dan dan, khi ding tru6c maéi bai toan, hoc
sinh c6 théi quen va kha nang tu dat ra va tra [oi
dudc nhiing cau hoi dé giai va khai thac bai toan.
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SUMMARY

The article presents the application of the procedure
of solving the mathematical problem by Polya to teaching
mathematically-gifted students how to solve mathematical
problems.
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