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TOM TAT: S6 phtic duoc st dung trong nhiéu linh vuc khoa hoc nhu khoa hoc
KT thuét, dién ttr, co hoc lugng td va toan hoc tng dung, chéng han nhu trong
I thuyét hén loan. Nha Todn hoc ngudi Y Gerolamo Cardano la ngudi ddu tién
gidi thiéu Sé phiic. Ong da st dung Sé phuic dé gidi phuong trinh bac ba vao
thé ki XVI. P& thanh céng trong Todn hoc, cdn c6 rat nhiéu céng cu dé cé co
hoi tim ra céng cu gidi quyét cac vdn dé ban gdp phai. Khi 16i gidi hinh hoc
cé dién tré nén qué phuc tap thi ban nén nghi dén cdc phuong phdp ding S6
phtic. S6 phuc la céng cu manh trong viéc khdo sat sdu sdc nhiing van dé
trong hinh hoc, dic biét la cédc bai todn chiing minh. Béng céch biéu dién toa
dé cla céc diém trong Hinh hoc phdng théng qua Sé phiic, cé thé biéu dién
cdc diéu kién cla dé bai hinh hoc va céc két luan hinh hoc vé dang céc dang
thiic dai s6. Nhu' vay, cdc bai todn chiing minh Hinh hoc c6 thé dua vé viéc

kiém tra mot hdng dang thic.
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1. Pat van dé

S6 phirc ra doi do yéu cau cua viée mé rong tap hop
s6 thuc khi giai phuong trinh dai sé nhung 13 mét cong
cu quan trong trong nhiéu linh vue khoa hoc va ki thuét,
gitip mo hinh hoa, phén tich va giai quyét cac van dé
phirc tap. Trong cac ki thi hoc sinh gidi qubc gia hay
qudc té c6 kha nhiéu cac bai toan hinh hoc lién quan
gian tiép dén S phire. Viée sir dung Sé phirc dé giai cac
bai toan d6 trd nén dé dang hon bao gid hét. Tuy nhién,
hién nay S6 phirc khong con dugc giang day trong
chwong trinh sach giao khoa méi. Nhan thiy duoc tim
quan trong cua Sb phirc trong giai cac bai toan Hinh
hoc phang, nhom tac gia mong mudn gidi thidu dén
gi4o vién va hoc sinh trung hoc mot cach chi tiét hon vé
Sb phuc, cach tiép can ciing nhu ting dung trong viée
gidi cac bai toan ching minh trong Hinh hoc phang.
bay la mot hoc liéu rat hitu ich danh cho hoc sinh 6n
thi hoc sinh gioi va viéc tu nghién ctru kham pha vé S6
phirc ¢6 thé md ra nhing co hoi méi, dong gop vao su
phat trién ca nhan va sy hiéu biét chung vé Toan hoc.

2. N6i dung nghién cuu

Giai cac bai toan Hinh hoc phang vé chimg minh s&
ngin gon va nhanh hon khi str dung ngon ngir S6 phie.
Do vdy, viéc tim hiéu mot s van dé co ban ctia S6 phirc
nhu: Khai niém S6 phtec, cac phép toan trén tap cac SH
phirc, cic dang biéu dién ciia S6 phtrc dé chi 16 mot sd
két qua ctia hinh hoc phing bang ngon ngit ciia S6 phirc
dong vai trd rat quan trong.

- S6 phuc dugc gidi thidu qua ba dang: Dang dai sb
ctia SO phire, dang luong giac cua S6 phurc, dang mii
ctia SO phire va cac phép toan trén tap hop S6 phirc.

- Céc phép toan vé S6 phic bao gdm: Phép cong,
phép nhén, phép chia, lity thira ciia s6 phtrc va cin béac
n ctia S6 phtec.

2.1. Mot sd két qua cta Hinh hoc phang bing ngon ngii So

phiic .

Céc két qua cua Hinh hoc phang bang ngon ngir S6
phuc dugc dua ra ¢ dang dinh nghia va tinh chét:

- M6t s6 dinh nghia trong Hinh hoc phing bang ngon
ngit S6 phirc bao gdom:

« Biéu dién diém va vecto bang So phirc

Piém M(x;y) trong mit phing Oxy la diém biéu
biéu dién hinh hoc cta S6 phic.

z=x+ yi . Khi d6, S6 phirc z = x + yi dugc goi 1a toa
do phuc hay toa vi ctia diém M.

* Kihiéula M(z).

Mit phéng toa d¢ biéu dién S6 phirc goi la mit phing
phuc. Truc Ox duoc goi la truc thuc, truc Oy dugc goi
1a truc ao.

« Khoang céach giita hai diém

Cho hai diém M, (z,) va M, (z,).Khoang cach giira
hai diém M, va M, dugc cho béi MM, =|z, —z].

* Do do ciia mdt goc
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Cho hai diém M, (z)va M,(z,) trén mit phing
phtre. Gée m duoc dinh huéng duong néu cac
diém M, va M, theo thir tw nguoc chidu kim dong ho,
hudng nguoc lai 1a huéng am.

m =56A72 —argz, =argz—2

Z

—)5]\71 =argz,

« Phuong trinh duong thing

Phuong trinh tong quét clia dudng thang trong toa do
Pé-cac:

Ax+By+C=0,4,B,CeR

. zZ+4+z . z— ;
T T
phuong trinh tong quat cua duong thang trong mit
phang phtrc cé dang nhu sau:

az+az+ﬂ=0

Khi

bat z=x+yi thi

do,

Trong 36, a €C,feR,z=x+yieC

* Phuong trinh duong tron

Phuong trinh duong tron trong mat phang toa d6 beé-
cac:

X'+ +2Bx+2Cy+D=0,8"+C*>D
zZ—Z

Z+z
, . Khi do,
2 I 2

zZ+(B—iC)z+(B+iC)Z+D:0
bat a =B +iC taco:

bat z=x+yi thi x=

D>0

Phép tinh tién
« Phép tinh tién theo vecto v (v) 1a phép bién hinh
bién diém M (z) thanh diém M'(Z)

sao cho

MM’ =v . Biéu thirc toa do cua phép tinh tién nhu sau:
Z'=z+v
Phép quay
Phép quay tim /(z,), goc quay « la phép bién hinh
bién diém M (z) thanh diém M'(z) sao cho:
IM =IM'
(W M’ )=«
« Biéu thirc toa do ctia phép quay c6 dang nhu sau:
Z'—zy=€¢"(z—z,)
o=z +e"(z—-2z)
Déi xtmg truc
* Phép ddi xtmg qua truc A 1a phép bién hinh bién
mdi diém M thanh diém M’ sao cho A la duong
trung truc cuia MM .
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Phép déi xtmg qua truc thuc: z' = z.

Phép ddi ximg qua truc a0: z'=—z.
Phép vi ty
« Phép vi tu tim I(z,), ti sO k=0 bién diem M (z)
thanh diém M'(z") sao cho IM =kIM’
* Bicu thuc toa d cua phép vi tu c6 dang:
z' -z, :k(z—zo)
oz'=zy+k(z-2z,)
« Mot sb tinh chét trong Hinh hoc phéng béng ngon
nglr SO phirc bao gom hai kién thire chinh:
biéu kién thang hang, vudng goéc va cung thudc mot
duong tron

Xét bdn diém phan biét M, (z,),i=1,4
Ménh @é 1: Cac diém M,,M,, M, thing hang khi va
chi khi: 2—ZLeR".

Z, T 7

Ménh dé 2: Puong thing M, M,,M,M, vudng goc
khi va chi khi 2 —2 e R".

zZ,—z,

Ménh d@é 3: Bon diém M,,M,,M,,M,cling nim trén
mot duong tron khi va chi khi:

Zy,—Z, Zy—Z *

3 1 : 3 4 = R

Z,—2z, Z,—2Z,

Tam gi4c déu

Ménh d@é: Gia st z,,z,,z, 1a toa d9 cac dinh ctia tam
giac 4, A4, 4,. Khi d6 cac khang dinh sau la twong duong:

A 4,4, 13 tam gidc déu

|Zl _Zz|=|Zz _Zs|=|23 _Zl|

2 2 2
z 4z, 4z =22, + 2,2, + 2,2,
HThH _AHBThH

3Tz, 1T 4

2.2, I'In7g dung ctia S0 phiic giai toan chiing minh trong Hinh

hoc phang

Viéc str dung cac kién thirc ctia S6 phirc dé giai cac
bai toan Hinh hoc ph'fmg rat hiéu qua, dac biét 1a cac bai
toan chirng minh 1a mot cach 1am nhanh va ngan gon.

B::ing cach lua chon mat phfmg phuc va géc toa do,
ta biéu dién toa d6 cuia cac diém trong Hinh hoc phang
thong qua sb phic va chuyen d6i cac quan hé trong
Hinh hoc phang thanh cac diéu kién lién quan dén s6
phuce. Khi d6, cac diéu kién cua dé bai hinh hoc va cac
két luan hinh hoc dugc biéu dién vé dang cac déng thic
dai s6. Nhu vay, bai toan chung minh hinh hoc co thé
dura vé viéc kiém tra mot hiang dang thirc.



Vi du 1: (Bdt dding thirc Ptolemy)
Cho to giac ABCD. Chung minh rang, ta luon

AB.CD + AD.BC > AC.BD . Diu dang thirc xay ra khi
va chi khi A, B, C, D theo thtr ty 1a dinh ctia mét tir giac
161 ndi tiep mot dudng tron.

7aN

|

D

O

Loi gidi:

Xét mat phang phirc co gde toa do tring voi diém D.
Gia st A(m), B(n), C(q), ta co:

AB.CD + AD.BD = |(m - n)q| + |m(n - q)|

AC.BD =|(m—q)n|

Ap dung bat dang thirc |a| + |b| > |a + b|

|(m n q|+|m n- q)| |(m n)q+m(n- q)| |(m —q)n|
Do d6, AB.CD+ AD.BD > AC.BD.

Déu “=” xdy ra khi: (m—n)q =km(n—q),k>0

q m

=arg
m—n

Khi do: =k. tuc la arg

n—q m—n n—q

Tir d6: DAB = 7 — DCB nén tir gidc ABCD néi tiép
duong tron.

Hoc sinh ¢6 thé chirg minh bit dang thirc Ptolemy
bang nhiéu cach khac nhau nhu st dung phép nghich
dao, st dung duong thang Simson hodc sir dung tinh
chat tam gidc dong dang va bat dang thirc tam giac, tuy
nhién cach ching minh bang s phirc trén cho ta mot
cach giai ngan gon, don gian hon rat nhiéu.

Vidu 2: (IMO 17- 1975)

Vé phia ngoai cua tam giac ABC, lan luot dung cac

tam giac ABR, BCP, CAQ sao cho DAB = DAB = 45°,

BCP=0CA=30°, ABR=RAB=15". Chéng minh
rang:
ORP =90",RQ = RP
A Q
R
M
B\/C
=]
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Loi gidi:

Xét mit phang phirc voi gbe toa do R.

Gia sir toa do cua cac diém 1a A(a), B(b), C(c), P(p),
Q(q), R(1) 7 ,

Goi M la chan duong vudng goc ha tir di€ém P xuong
canh BC.

Ta c6: MP = MB— NE)

Do do: p—m:i’c—m =i\3
b—m p—m
c+b[
1+4/3

Khi dé: p=

l+\/_
c+a\/§ a—c¢ .

+ i
1+\/§ 1+\/§

Xét phép quay tdm R, goc quay —150°:4— B

Tuong tu: g =

V31
a—>b=a| ———-—i
2 2
Taduoc: £=iciR". T do: PO L PR.
q

Mit khac: | p| = |ig| =|g| nén QR =PR.

O truong phd thong, dé giai nhirng bai toan nhu trén
ta thuong str dung phép quay va tinh chat cia tam giac
ddng dang. Tuy nhién, trong mat phang phirc, ta chi
can st dung phép quay va bai toan duogc giai khong dai
dong phtre tap nhu & phd thong Ngoai ra, chung ta cod
thé sir dung cach lam trén dé giai bai toan tong quat:

Vé phia ngoai cua tam gidc ABC, lan luot
dung cac tam giac ABR, BCP, CAQ sao cho

DAB=DAB=a,BCP=QCA=f3,ABR=RAB=y, &

d6 a+p+y= > Xac dinh s6 do cac goc cia tam giac

PQR.

Nhur vay, dé giai mot bai toan hinh hoc bang tmg dung
S phirc, chung ta can chii y nhu sau:

- Chon mit phang toa d6 va goc toa d¢ hop li. Chung
ta thuong chon gdc toa do trung v6i nhimng diém dic
biét hodc c6 nhiéu tinh chét nhat.

- Sir dung “Mot sb két qua ciia Hinh hoc phing bang
ngdn ngir sd phirc” dé chuyén doi cac gia thiét cua bai
toan sang ngdn ngir SO phirc va giai toan.

3. Két luan

Viéc nghién ctru ndi dung “Ung dung cia S6 phirc
giai toan chimg minh trong Hinh hoc phang” s& gitp
hoc sinh ndm vitng hon vé phuong phap va ki ning
str dung S6 phuc giai cac bai toan Hinh hoc phang.
Céc cach giai thong thuong doi hoi hoc sinh can phai
nim rat virng kién thirc vé bat dang thic hinh hoc va
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linh hoat trong céc budc bién d6i. Bang phuong phap
chuyén ddi sang ngdn ngit S6 phtrc va sir dung céc
tinh chat S phirc, bai toan tré nén dé& dang va ngin
gon hon rat nhidu so véi cach giai & cip Trung hoc
pho thong.

Bai viét cung cap cho hoc sinh nhimng kién thirc bo ich
vé Sb phuc, gitip hoc sinh rén luyén, bdi dudng ning
luc giai toan Hinh hoc, phat huy tinh ndng dong va sang
tao cua hoc sinh kha gidi.
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as engineering science,

ABSTRACT: Complex numbers are used in various fields of science, such
electromagnetism, quantum mechanics, and
applied mathematics, such as chaos theory. Gerolamo Cardano-an ltalian
mathematician, is the first person to introduce complex numbers. He used
them to solve cubic equations in the 16th century. It is essential to have
various tools to solve successfully difficult problems. Methods using complex

numbers should be used instead of complicated classical geometry solutions.
Complex numbers are powerful tools in geometry problems, especially
proof problems. By representing the coordinates of points in plane geometry
through complex numbers, conditions and conclusions of geometric problems
can be expressed as algebraic equations. Thus, the geometric proof problem
is reduced to an equality test problem.

KEYWORDS: Complex numbers, plane geometry, problems, test, proofs.
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